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Context (1/3)

> Electromagnetic simulations for radar design

Scaftering

Scattered field
Q

Incident field
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Context (2/3)

> Classical strategy: Finite element method (FEM) but finding a solution is expensive.

> Classical proposition: Adaptive mesh refinement (AMR) [Nochetto 2009].

Mesh —> Solve —» Estimate —>» Mark —> Refine

! |
A N Y

Estimate = Estimate the error.
Mark = Mark elements to be refined.

—_) —_—)
Mesh Solve Estimate Refine
& X & X é X & X
magnitude
635001 8.616-01 T 0e00 1316400 1.540+00 2700.01 405001 5.400.01 674001 5,09¢.01 0.00e+00 250001 500601 750001 1006400
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Context (3/3)

~ Quantum proposition
» Quantum algorithms to solve linear systems, e.g. HHL [Harrow Hassidim, Llioyd 2009].
» Application to the FEM [Montanaro, Pallister 2016].

» Quantum algorithms for electromagnetic simulations [Clader, Jacolbs, Sprouse 2013].

2 The goalis to study the possibility to introduce quantum computing in an adaptive mesh refinement

loop.
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Content

lI- Classical adaptive mesh refinement
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FEM: From time-harmonic Maxwell’'s equation to a linear system (1/2)

Time harmonic Maxwell’s equation

Problem : Find the electric field E such that :

VX (u;'VXE)—k?,E=F inQ Q ¢ R? (d=2,3) domain
I' boundary of the domain
VXE=0 onT v outward unit normal

F source term withV.F = 0
Finite element method (FEM)

Mesh —> Solve —>»  Estimate —>» Mark

Weak formulation

€, relative permittivity
U, relative permeability
k wave number

—> Refine

FiInd E € V, such that T
a(E,u) =b(u) Vuey,

with a(E,u) = [ u;'"VXE-VXu—k* [ eE-u, b(u):= [ F-uand

V = Hy(curl, Q) = {u e (12)°, Vxue (12(Q)’° |v xu=0on r}.

Denote E this solution.
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FEM: From time-harmonic Maxwell’s equation to a linear system (2/2)

Finite element space on mesh 7;,: V;, = span{¢;, 1 <i < N} \

Nédélec finite elements [Nédélec 1980] \

Piscrefized weak formulafion Fig: Possible mesh  Fig: Degrees of freedom for

T, of asquare. lowest order Nédélec finite
elements are integrals of the
tangential component.

Find Eh € Vh such that a(Eh, uh) = b(uh) Vuh € Vh'
Linear system

Write Ej, = XiL; a;¢; with a; € C and choose uy, = ¢;.
Let A= [a(dp b)), ., ..y NDE = [b(d)],_ ..y

Find E;, = (ay ...ay)T € CY such that AE,, = F.

A is an indefinite and possibly non-Hermitian matrix.
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Residual-based a posteriori error estimation

Notation

hx diameter of element K
v outward unit normal for K
hs diameter of face f

fangential jump operator [v]r = v|g, X vk, + V|, X Vg,
normal jump operafor [v]y = v|k,. Vi, * Vlk,. Vk,

Local a posteriori error estimator [Chen, Wang, Zheng 2007]

For each K € 73, the local error estimator n, is defined by

Nk = Nix + N5k + N3¢ + Nak

. _ 2 1 _
with n%K — h12<||F -V X u, ly % E, + sz’”Ehll(LZ(K))B' 77%1{ = EZfeaK\F hf” ['ur 'V X Eh]T ||EL2(f))3'
. 2 L 1 2
nix = hi||k?V - (erEh)IlLZ(K), Nik = Lrearvr iy 1 k[ Ep]n ||(L2(f))3'

It does not depend on the exact solution E.
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Application of adaptive mesh refinement (1/2)

Mesh > Solve —»  Estimate > Mark > Refine

\ t
QY &
=
- e Y Y

ng EE—
Z X & X o
magnitude o —de " "
6.350.01 8.616.01 Totds 1310400 1540400 270601 405601 540601 674201 500001 0.00e+00 250001 500e-01 7.50¢.01

R4
¢
1.006+00

Fig: Initial mesh Fig: E;, at iteration O Fig: Local error Fig: Marked elements Fig: Refined mesh
estimators aft iteration 0 at iteration O
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Application of adaptive mesh refinement (2/2)

a posteriori error estimator and error
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102 103 104
number of degrees of freedom
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Uniformly refined mesh

6.01e-01 2.54e+00

Adaptively refined mesh

6.41e+00 8.34e+00
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Classical adaptive mesh refinement

Mesh —> Solve —» Estimate —» Mark —> Refine

> Solve

The FEM solves the linear system associated with the inital problem.
> Estimate

A posteriori error estimation to define local error estimators .

> Is there a quantum algorithm to compute the error estimators ?
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Content

lll- Quantum algorithm for adaptive mesh refinement
1- Reformulation of the error estimators
2- How to compute these estimators?

3- Numerical simulations
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Adaptive mesh refinement with quantum computing

Mesh —> Solve —>»  Estimate —» Mark —> Refine

classical

quantum 1

|Eh> ﬁK
Mesh —> Solve —» Estimate —» Mark —> Refine
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Reformulation of the local error estimator

Assumptions: - k?e, = u, = 1
- Efficient state preparation of |F) = ﬁ =1 Fi]i)

- access to |Ey) = HE_th N L Enii) using a quantum linear system solver (QLSS)

Decomposition of ng

nix = h||F =V X VX Ep, + Ey||?

GO
= hi[[ F-F+ + —2R([ F-VxXVXE,)+2R(/[, F-Ep)
= FtMF + + — 2R(FTSkEy) + 2R(FTMyE},)
With My = (hf [, &; - cp]-)lsi'jSN, = (hg [ b; - VXV x ¢j)1si’jSN, = (hz [[VXV X ;- VXVX ¢,-)1Si’jSN.
3 types of terms (bilinear), E;[WE (linear), FTWF (constant)

2 issues: matrices are not unitary and the FEM vectors are not normalized.
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Block-encoding for non-unitary matrices

Block-encoding [Gilyén, Su, Low, Wiebe 2019, Lin 2022]

Given an n-qubit matrix W, an («, m, €)-block-encoding of W is an (m + n)-qubit matrix Uy, such that

W — (0™ @ LUy (0™ R L) || < «.

subnormalization factor
« m number of ancilla qubits

* ¢ target accuracy
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Hadamard tests for non unitary matrices [Tong, An, Wiebe, Lin 2022]

0) — H I H A |0) H ® o I H A

0™) 0™)
Uw Uw
0" — Uy, 07) Up Uy

) sl

a

Y

P(|0)) = % 1+R<

For or — R((F| W|F)). For & R((Ex| WIF)).
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Computation of the error estimator with quantum computing

ETWE, = « || En||? * «
E;WF = Enll *||F || * a
FTWF = « ||F | * a

Quantum procedure to estimate the norm of the solution [Thm 33, Chakraborty, Gilyén,
Jeffery 2019, Bravo-Prieto, LaRose, Cerezo, Subasi, Cincio, Coles 2023]

Normalization constant supposed known (depends on the norm of the matrix and the block
encoding procedure)
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Numerical simulations in a 2D L-shaped domain (1/2)

I Q2
Test case
Domain Q = [-1,1]?\[0,1] x [—1,0]
>
Exact solution E = V (r2/3 sin (%)) v

Python libraries: gmsh (mesh), dolfinx (FEM), PETSc (solve)
qiskit (quantum circuits) and FABLE (block-encoding)
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Numerical simulations in a 2D L-shaped domain (2/2)

== uniform
—8— adaptive

number of degrees of freedom

— +
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Recall

« The a posteriori error estimator is a good estimator
of the H(curl) error.

« Adapftive mesh refinement is more efficient than
uniform mesh refinement.

= Without sampling error, the error estimator
computed with the quantum circuits is overlaid with
the one computed classically.

Fig: H(curl) error and a posteriori error estimator n as
a function of the number of degrees of freedom N.
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Conclusion and perspectives

* We have proposed a hybrid adaptive mesh refinement algorithm.
« Simulations without sampling error validate the procedure.

« Future work: strategy to only compute a subset of the local estimators.
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